In this paper, the lattice Boltzmann method (LBM) is applied to simulation of natural convection in porous media using Brinkman-Forchheimer equation. The BrinkmanForchheimer equation is recovered from a kinetic equation for the density distribution function that has a forcing term and the equilibrium distribution function including the porosity. The temperature equation which neglects the compression work done by the pressure and the viscous heat dissipation is calculated by a kinetic equation for thermal energy distribution function. The velocity and temperature profiles of the LBM shows good agreement with those of the finite difference method (FDM) for the Poiseuille flow filled with a porous medium and with the analytical solutions for the porous plate problem. The stream lines and isothermal patterns show that the LB model is able to keep the same accuracy with the FDM. For various values of Darcy and Rayleigh numbers, and of porosities, the solutions of the LBM are compared with those of earlier studies. The numerical experiment shows excellent agreement for the Brinkmanextended Darcy model and for the Brinkman-Forchheimer model. This paper leads to the conclusion that the LBM can simulate natural convection in porous media in both Darcy and non-Darcy region at the representative elementary volume scale.
Introduction
To study natural convection in porous media, Darcy's equation was widely used by many researchers. For low velocity, the Darcy's law can make a reasonable prediction of the natural convection. For high velocity, however, the theoretical prediction based on the Darcy's law doesn't agree well with experimental data (1) . There are two notable equations to overcome the shortcoming of the Darcy's equation. One is Forchheimer's equation that makes consideration of nonlinear drag effect due to the solid matrix (2) . When the Reynolds number or the Darcy number is large, it is necessary to consider the nonlinear drag. The other is Brinkman's equation that includes the viscous stresses introduced by the solid boundary (3) . Since the convective heat transfer is mostly a boundary phenomenon, Brinkman's modification for the Darcy's equation is significant for the energy transport process. For the study of the natural convection in porous media, it is necessary to give consideration both to the nonlinear drag effect and to the viscous stresses. The Brinkman's equation is valid only when the porosity is high. On the other hand, for such a high porosity the validity of the Forchheimer's equation is unclear. Although it was not easy to combine these two equations, the Brinkman-Forchheimer equation including the viscous and inertial terms was derived by the local volume averaging technique (4) . Many researchers calculated the Brinkman-Forchheimer equation using conventional numerical methods and demonstrated the equation was able to appropriately predict the heat transfer and fluid dynamics in the non-Darcy regime (5) , (6) .
In recent years, the lattice Boltzmann method (LBM) has received considerable attention as an alternative numerical scheme for simulating complex phenomena (7) , (8) . In the LBM,
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Vol. 1, No.2, 2006 the system evolves according to the updating rules that particle velocity distribution function moves along lattices with iterating propagation and collision. Accumulation of these particle motions reproduces macroscopic flow dynamics. Such a simple model substantially reduces computer load. The LBM has the following advantages over other conventional numerical methods such as the FDM or the FEM: 1) The convection operator of the kinetic equation of the LBM is linear. Through the Chapman-Enskog procedure, the kinetic equation is able to recover the non-linear macroscopic advection of the Navier Stokes equation; 2) The pressure in the momentum conservation equations, which is obtained from the kinetic equation in long wave limit, is calculated using an equation of state. The LBM does not require special treatment, such as iteration or relaxation to satisfy the continuity equation; 3) A simple arithmetic calculation makes a transformation from the distribution function to macroscopic quantities including density or velocity; 4) The LBM possesses the local interaction nature well suited to massively parallel computers; 5) The independent calculation of the individual particles motions makes easy implementation of complicated boundary possible. On the other hand, unfortunately the LBM has the disadvantage that researchers must carefully determine the relaxation times to make it work adequately in the near-incompressible regime in the simulation. The disadvantage is, however, far outweighed by the abovementioned advantages.
It is meaningful to validate the applicability of the useful LBM to the simulation of natural convection in porous media. The LBM is successfully applied to study of the isothermal flows in porous media at the pore scale (9) . The simple bounce-back rule for no-slip boundary condition enables the LBM very suitable to simulate the fluid flows in the porous media. The main advantage of this approach at the pore scale is that detailed local information of the flow can be obtained, which can be used to study macroscopic fluid dynamics. However, the calculation at the pore scale needs detailed pore geometries, and the size of computation domain cannot be large due to limited computer resources. Each pore of the medium should contain several lattice nodes. To make the macroscopic quantities, such as permeability or porosity, almost constant in LBM simulations, more than 240 3 lattices is required (10) . Namely, the approach at the pore scale is perhaps unrealistic to simulate the fluid flow in porous media at the representative elementary volume (REV) scale that is the minimum size to determine the macroscopic quantities. To calculate the Brinkman-Forchheimer equation with constant macroscopic quantities, the LBM for the simulation of fluid flow through porous media at REV scale is requisite. LB models for porous media flow at the REV scale were already proposed and succeeded to accurately and stably calculate the nonlinear drags (11) , (12) . Z. Guo completely recovers the BrinkmanForchheimer equation by adding a forcing term to the LBE and by including the effect of porosity into the equilibrium distribution function. Besides, the LBM has already succeeded to simulate the thermal flows including the Couette flow and the Rayleigh-Bernard convection. The LBM for the thermal hydraulics is categorized into three groups: the multispeed model (13) , (14) , the passive-scalar model (15) , and the thermal energy distribution model (16) , (17) . The thermal energy distribution LBM (16) , (17) has more advantageous points than two other models (13) - (15) ; it is numerically stable, easily coded, and able to arbitrarily choose the value of the kinetic viscosity and the thermal diffusivity. It is a suitable tool for solving practical flow and thermal problems. The objective of this paper is to confirm the applicability and the reliability of the LBM in simulation of natural convection in porous media with the Brinkman-Forchheimer equation. The continuity and momentum equations for fluid dynamics in porous media are simulated by the LB model for incompressible flows through porous media (12) , and the energy equation is done by the simplified thermal energy distribution model (17) . In the following section, we explain the thermal energy distribution LB model for incompressible flow in porous media in detail. In Sec.III, this LB model is validated by the numerical simulation including the Poiseuille flow filled with a porous medium, porous plate problem, and natural convection in 2-D square cavity.
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The lattice Boltzmann model
The thermal energy distribution LB model solves the following kinetic equations for the distribution functions f i and g i (17) ,
For the D2Q9 model, the discrete velocities are defined by e 0 = 0, e i = c(cos
Here, c is the lattice spacing. The equilibrium function for the density distribution function f eq i for the D2Q9 model is given by
where is the porosity of the medium and ω i is weight. The equilibrium distribution function f eq i shown in Eq. (3) has porosity to include the effect of a porous medium (12) . The weights are ω 0 = 
Through the Chapman-Enskog procedure, Eq.(1) recovers the continuity equation,
and the Brinkman-Forchheimer equation,
in the limit of small Mach number. Here, p = c 2 ρ/3 , and the effective viscosity ν e = c 2 (τ v − 0.5)δ t /3. The body force with Ergun's relation (18) can be expressed as
where ν is the shear viscosity of the fluid, K is the permeability, G is the acceleration due to gravity, Da is the Darcy number, and H is the characteristic length. The total body force F encompasses the viscous diffusion and the inertia due to the presence of a porous medium, and an external force. In the following simulations, ν is assumed to be equal to ν e . Equation (2) describes the evolution of the internal energy and leads to the energy equation,
where the thermal diffusivity χ = 2c
It is proved that the most suitable choice for the forcing term F i to obtain correct equations of hydrodynamics is taking (19) 
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The forcing term F i shown in Eq.(12) defines the fluid velocity u as
As shown in Eq. (9), F contains the velocity u. Equation (13) is a nonlinear equation for the velocity u. By using a temporal velocity v, one can solve this nonlinear problem as follows (12) .
The fluid density and internal energy are defined as ρ = i f i and as ε = i g i /ρ, respectively. The relation between the internal energy and the temperature is defined as ε = DRT/2. In the following simulations, we set the gas constant R = 1.0, and the dimension D = 2.
Results and Discussion
The thermal lattice Boltzmann method for incompressible flows in porous media is applied to the Poiseuille flow in a 2D channel of width H filled with a porous medium of porosity . When the flow is driven by a constant force G x , the streamwise velocity u satisfies the following equation:
with u(x, 0) = u(x, H) = 0, and the lateral velocity v is zero everywhere. The Reynolds number Re of the Poiseuille flow is defined as Re = Hu 0 /ν, where u 0 is the peak velocity of the flow along the centerline. In simulations, the porosity is set to be 0.1, Re changes from 0.01 to 10, and Da changes from 10 −5 to 10 −3 . The lattice size is 80 × 10 with a square mesh, and the relaxation time τ v is set to be 0.8. Periodic boundary conditions are applied to the inlet and the outlet, and the second-order bounce back boundary rule for the nonequilibrium distribution function proposed by Q. Zou is used for the walls (20) . To determine the velocity on the walls, the density distribution function f i follows
where α indicates the opposite direction of β.
To determine the temperature on walls, the energy distribution function g i satisfies the following condition:
The velocity field is initialized to be zero at each lattice node with a constant density ρ = 1.0, and the distribution functions are set to be its equilibrium at t = 0. The convergence criterion is set to
where n and n + 1 represent the old and new time levels, respectively. All the calculations are done on the PC Dell 3.2GHz. We test the velocity profiles for different values of Reynolds and Darcy numbers. In Fig.1 , the numerical results of the present lattice Boltzmann model are compared with the second-order finite difference results which solves Eq.(16) with a uniform mesh. Symbols represent LBE solutions and solid lines represent finite difference ones. Excellent agreement can be observed between the LBM and the finite difference method. This result confirms the validity of the present LBM to simulate fluid flows through porous media. 
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where the velocity of the upper plate u 0 = 0.1, and Re is the Reynolds number calculated from the inject velocity v 0 = Reν/H. The temperature profile in the steady state satisfies
where ∆T = T 1 − T 0 is the temperature difference between the hot plate with temperature T 1 and the cool plate with temperature T 0 . The Prandtl number Pr and the Rayleigh number Ra are defined as The Prandtl and Rayleigh numbers are set to be 0.71 and 100, respectively. Reynolds number Re is 5 or 10. The size of the lattice is 4 × 33. The convergence criterion is set to
The velocity and temperature profiles for this case are shown in Fig.2 . They agree very well with the analytical solutions.
We verify the applicability of the LBM for the calculation of natural convection in porous media. The simulation is restricted to two-dimensional thermal fluid dynamics in a square cavity with the isothermal vertical walls and the adiabatic horizontal walls. The cavity is covered by lattices 101 × 101 as G. Lauriat did (6) . The temperature difference between the sidewalls introduces a buoyancy based on the Boussinesq approximation, G = βg 0 (T − T m )j. The bounce-back rule for the nonequilibrium distribution functions is used (20) . The adiabatic boundary condition is implemented by the boundary rule using the conventional finite difference approximation (21) .
where T 1 is the temperature on the boundary node. T 2 and T 3 are temperatures of the fluid on the first and the second nodes adjacent to the wall. To use the boundary rule shown in Eq. (18) for the adiabatic boundary, g
is determined with the temperature T 1 obtained from Eq. (24). The each four corners of the cavity have two distribution functions which are not able to be determined by Eqs. (17) and (18) . For these distribution functions, the first-order boundary rule,
i , is applied. As Y. Peng did (17) , the convergence criterion for all the cases is set to
In Fig.3 , the streamlines and isothermal contour lines calculated by the LBM with the Brinkman-Forchheimer equation are compared with those of the finite difference method (FDM). The solid lines and dashed lines represent the LBM and FDM solutions, respectively. The LBM results appropriately agree with the FDM ones for both Rayleigh numbers and porosities. For high Rayleigh number, Ra = 10 5 , however, Fig.3 (b) indicates a little deviation between the LBM and FDM solutions. When H is small and Ra is large, g 0 β becomes large, because Rayleigh number is defined as Ra = (g 0 β∆T H 3 )/(νχ). For large g 0 β, the body force base on the Boussinesq approximation, G = βg 0 (T − T m )j, becomes strong and may make the magnitude of the characteristic velocity large. It is assumed that the characteristic velocity βg 0 ∆T H may be beyond the incompressible limit in Fig.3 (b) . In this simulation the lattice size is 101 × 101, and the width of cavity H is 100. To get more accurate results for high Rayleigh number, lager grid size appears to be necessary, for example 160 × 160 as J. Onishi used for Ra = 10 5(22) . However, the deviation is acceptable for such a grid size. For Ra = the Poisson's equation for the pressure to satisfy the continuity equation. Although the LBM needs to make the characteristic velocity not to be beyond the incompressible limit, it doesn't solve the Poisson's equation. It is confirmed that in regard to the computational time the LBM is more efficient than the conventional FDM.
To compare with the ADI data calculated by G. Lauriat (6) for the Brinkman-Forchheimer equation, F is set to be 0.01 and 0.05 without using the definition of F shown in Eq. (10) . Figure 4 shows the effects of inertia on the Nusselt number for Da = 10 −4 . Crosses and circles represent LBM solutions for F = 0.01 and for F = 0.05, respectively. The lines are ADI data. The average Nusselt number throughout the cavity Nu are formulized as,
where q y (x, y) = uT (x, y)−χ(∂/∂x)T (x, y). Simpson's formulation is applied for the numerical integration as Davis did (23) . In Fig.4 , the difference of the numerical results of the present LBM from the Darcy's (solid line) or from the Brinkman's equations (dotted line) increases with Rayleigh number. The nonlinear inertia effect expressed by the second term on the RHS of Eq. (9) is effected by high flow velocity corresponding to high Rayleigh number. The inertia slows down the fluid flow; accordingly the Nusselt number becomes small. It can be seen from the simulation results for F = 0.01 and for F = 0.05 that the Nusselt number based on stagnant thermal conductivity appropriately decreases as nonlinear inertia increases. As shown in Fig.4 , the agreement between the LBM and the ADI solutions for the BrinkmanForchheimer model is quite good. If the porosity approaches the unity and the Darcy number is large, the BrinkmanForchheimer equation reduces to the Navier-Stokes equation for free fluid flows. In Table  1 , the average Nusselt number of the LBM for = 0.9999 and Da = 10 7 are compared with those of the FEM by P. Nithiarasu (5) and with the benchmark results by de Vahl Davis (23) . The
Nusselt number of the present study is underestimated for Ra = 10 6 , because the grid size (101 × 101) doesn't give enough magnitude of characteristic length H. However, it is within 
Namely, when f = 0 and = 1, the Brinkman-Forchheimer equation becomes the Brinkman's one. The present LB model without the nonlinear drag carries out the simulation of natural convection to compare with the corresponding results for the Brinkman's model of the FEM by P. Nithiarasu (5) and of the ADI by G. Lauriat (6) . In this simulation, the Darcy number Da and the Prandtl number Pr are set to be 10 −2 and 1.0, respectively. The average Nusselt numbers for = 0.4 and = 0.9 are tabulated in Table 2 . The solutions of the present LB model agree well with those of the FEM and the ADI at high porosity, = 0.9. When the porosity is low, = 0.4, the numerical results of the LBM don't show good agreement with those of the ADI and the FEM. As mentioned in Sec.I, the Brinkman's equation is valid only when the porosity is sufficiently high, > 0.95 (4) . It is reasonable to be concluded from Table   2 that the LBM adequately represents this feature of the Brinkman's model. Applicability of the present LB model for the simulation of the Brinkman-Forchheimer equation is verified. In Table 3 , the average Nusselt number calculated by the present LB model for the Brinkman-Forchheimer equation is compared with those by the FEM (5) for various Darcy and Rayleigh numbers. For the whole range of Darcy and Rayleigh numbers, the numerical results of the present LB model agree well with those of the FEM. The LBM solutions show the feature of the non-Darcian behavior shown by the experimental data (24) .
That is, 1) For given Darcy number and porosity, the Nusselt number increases with Rayleigh number. 2) For given Rayleigh number and porosity, the Nusselt number increases with Darcy number due to the high permeability of the medium which accelerates flow velocities. 3) For low Darcy and Rayleigh numbers, the Nusselt number is not influenced by the values of Darcy, Rayleigh numbers, and porosity. 4) For given Rayleigh and Darcy numbers, the Nusselt number approximately linearly increases with porosity. It is obvious from Table 3 that the present LB model is able to predict correct solutions for the Brinkman-Forchheimer equation.
Conclusions
The LBM was adapted to simulation of natural convection in porous media at the representative elementary volume (REV) scale. The applicability of the LB model was validated by the numerical simulation including the Poiseuille flow filled with a porous medium, porous plate problem, and natural convection in 2-D square cavity. The simulation results of the Poiseuille flow and of the porous plate problem confirmed the validity of the present LBM to calculate thermo-fluid dynamics through porous media. The stream lines and isothermal patterns for natural convection for the Brinkman-Forchheimer equation showed that the LB model was able to keep the almost same accuracy with the FDM. The LBM took less time than the conventional FDM to get the steady solutions on the same grid size, because it doesn't need to solve the Poisson equation to satisfy the continuity equation. The average Nusselt numbers predicted by the LBM were compared with those by the earlier investigators for various Darcy numbers, Rayleigh numbers, and the porosity of the medium. Excellent agreement was observed between the LBM and the earlier studies for the Brinkman-Forchheimer equation. It was seen that the simulation results of the LBM indicated the feature of the non-Darcian behavior shown by the experimental data. The present LB model also described the property of the Brinkman's model which is valid only when the porosity is sufficiently high. It was proved that the LBM was applicable to simulation of the natural convection through porous media at the REV scale.
Although the aspect ratio of the calculation region is significant factor to study natural convection through porous media, only the square cavity was taken into consideration in this paper. The compressibility is needed to be verified by the comparison with the incompressible LB model. In future times, we will examine the effect of the aspect ratio, and study the compressibility of the present LBM.
